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We study the dynamics of a single collective excitation in a cold ensemble of atoms coupled to
a one-dimensional waveguide. The coupling between the atoms and the photonic modes provides a
coherent and a dissipative dynamics for this collective excitation. While the dissipative part accounts
for the collectively enhanced and directed emission of photons, we find a remarkable universal
dynamics for increasing atom numbers exhibiting several revivals under the coherent part. While
this phenomenon provides a limit on the intrinsic dephasing for such a collective excitation, a setup
is presented, where the universal dynamics can be explored.
The collective interaction between an ensemble of emit-
ters and photons is at the heart of many fascinating phe-
nomena in quantum optics [1, 2]. For a single coher-
ent excitation of such an ensemble, the direction and the
rate of spontaneous emission are strongly modified and
can either be enhanced or suppressed, which has recently
been experimentally observed [3, 4]. For these effects to
be observable, it is crucial that the coherence between
the atoms within the ensemble is maintained. While the
influence of the thermal motion of atoms has been inves-
tigated [5], an ensemble of atoms with a single excitation
also exhibits an interaction induced by the virtual ex-
change of photons [6], which might provide an intrinsic
dephasing inherent to any ensemble of emitters. In this
Letter, we study within a microscopic analysis whether
there is a fundamental limit on this intrinsic dephasing.
Signatures of the coherent interaction by a virtual ex-
change of photons in an ensemble of atoms with several
excitations have been discussed in terms of a collective
Lamb shift [6, 7], and they have been observed in var-
ious physical systems ranging from an ensemble of nu-
clei [8] over solid-state systems [9, 10] to ions [11] and
atoms [12, 13]. On the theoretical side, recent research
has focused on the understanding of the transmission
of photons and the appearance of correlations in one-
dimensional waveguides [14–19], as well as the appear-
ance of superradiance and collective Lamb shift in the
single-excitation manifold [20–25]. In order to guarantee
a single excitation in an ensemble of scatterers, the notion
of a superatom has emerged as a powerful concept, where
a strong interaction between the excited states restricts
suppressed multiple excitations in the ensemble and is
conveniently realized with Rydberg atoms [26–33].
Here, we study the influence of the virtual exchange
of photons on the properties of such a single collective
excitation, focusing on a setup described by an ensemble
of atoms coupled to a one-dimensional waveguide, see
Fig. 1. Based on a microscopic analysis, the time evo-
lution of the collective excited state is governed by two
Figure 1. (a) Two-level atoms coupled to a one-dimensional
waveguide with left- and right-moving modes. (b) After inte-
grating out the photonic degrees of freedom, the system ex-
hibits spontaneous emission and an infinite-ranged exchange
interaction between the atoms. (c) In the presence of a block-
ade mechanism, the superatom state |W 〉 is collectively cou-
pled to the ground state with the coupling strength
√
Nγ giv-
ing rise to an enhanced spontaneous emission Nγ into the for-
ward direction, while the coherent exchange interaction leads
to a coupling between this bright state and the manifold of
dark states.
competing terms: first, the spontaneous and strongly di-
rected emission into the waveguide, and second an in-
trinsic coherent exchange interaction. Remarkably, we
find that the coherent part gives rise to a universal dy-
namics of the collective excitation for increasing particle
numbers, and it exhibits several revivals and eventually
saturates at a universal value. While this phenomenon
provides an intrinsic limit on the dephasing in a super-
atom, we also present a setup, where the universal dy-
namics can be explored.
Each atom is well-described by a two-level system with
the ground state |g〉 and the excited state |e〉 (see Fig. 1).
The optical transition frequency between the two states
is given by ω0 = 2pic/λ, with the wave length λ and
the corresponding wave vector k = 2pi/λ. In the fol-
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2lowing, we describe the two states of an atom at posi-
tion x by the field operators ψg(x) and ψe(x) for the
ground and excited state, respectively. Then, the ini-
tial state with all N atoms in the ground state takes the
form |G〉 = √1/N !∏Ni=1 ψ†g(xi) |0〉. The atomic positions
xi are randomly distributed with a distribution function
giving rise to the averaged atomic ground state den-
sity n(x) = 〈G|ψ†g(x)ψg(x)|G〉dis; here, 〈· · · 〉dis denotes
the ensemble average over many experimental realiza-
tions. Furthermore, we introduce the operators S+(x) =
ψ†e(x)ψg(x) creating an excitation from the ground state
to the excited state and S−(x) = ψ†g(x)ψe(x) for a tran-
sition from the excited state to the ground state. These
operators satisfy the relation
[S+(x), S−(y)] = δ(x− y) [nˆg(x)− nˆe(x)] (1)
with nˆν(x) = ψ
†
ν(x)ψν(x) for ν ∈ {g, e}. Then,
the microscopic Hamiltonian describing the coupling of
the atoms to a one-dimensional waveguide within the
rotating-wave approximation takes the form
H =
∫
dq
2pi
~ωqa†qaq + ~ω0
∫
dxψ†e(x)ψe(x)
− ~√γ
∫
dx
[E†(x)S−(x) + S+(x)E(x)] , (2)
where
√
γ characterizes the effective mode coupling giv-
ing rise to the rate γ for spontaneous emission of a left- or
right-moving photon in the waveguide [14–19]. Further-
more, the electric field operator within the waveguide
reduces to
E†(x) = −i√c
∫
dq
2pi
a†qe
−iqx . (3)
The bosonic operators a†q account for the creation of a
waveguide mode with momentum q, while ωq = c|q|
denotes the dispersion relation for the relevant photon
modes.
Starting from the microscopic Hamiltonian (2) and in-
tegrating out the electric field, the effective dynamics
for the atoms alone is governed by a master equation
[6, 14, 34] and takes the form
∂tρ = − i~ [Hs, ρ] +DF [ρ] +DB [ρ] . (4)
The first term describes a coherent interaction between
the atoms by the exchange of virtual photons,
Hs = ~γ
∫
dx dy sin(k|x− y|)S+(x)S−(y) . (5)
The term DF (DB) describes the spontaneous emission of
a photon in the forward (backward) propagating mode,
respectively.
In the following, the main analysis focuses on the su-
peratom state
|W 〉 = 1√
N
∫
dx eikxS+(x) |G〉 (6)
which couples to the incoming light field with the
collectively enhanced coupling strength
√
Nγ. In
addition, there are N − 1 ”dark” states |Dn〉 =∫
dxDn(x)S
+(x) |G〉, with the wave functions Dn(x) de-
fined by the orthogonality conditions 〈W |Dn〉 = 0 and
〈Dm|Dn〉 = δnm.
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Figure 2. Time evolution of the state |W 〉 under the Hamil-
tonian Hs for (a) N = 100, (b) N = 500, (c) N = 1000 and
(d) N = 5000 particles after averaging over 105 realizations
with a Gaussian distribution and kσ = 100. The gray curve
indicates the universal dynamics given by Eq. (9).
First, we study the coherent dynamics of the state |W 〉
under the Hamiltonian Hs alone. This Hamilton gives
rise to a coupling between |W 〉 and the dark states |Dn〉.
Therefore, the quantity of interest is the probability P (t)
to stay in the superatom state |W 〉 under the coherent
time evolution after averaging over many experimental
realizations, i.e., P (t) =
〈| 〈W | e−iHs~t |W 〉 |2〉
dis
. This
probability can be evaluated numerically using exact di-
agonalization and averaging over different disorder real-
izations, and it is shown in Fig. 2. Remarkably, the dy-
namics features robust revivals on the characteristic time
scale τ = pi/Nγ, which only damp out on the slower time
scale τdp =
√
Nτ . Therefore, for increasing particle num-
bers, the amount of observable coherent oscillations in-
creases. Finally, P (t) saturates at a finite value ∼ 1/6 for
long times t τdp. Note that in Fig. 2 we chose a Gaus-
sian density distribution n(x) = N exp(−x2/σ2)/
√
piσ2;
however, the above observations are independent of the
atomic density profile as long as the the atomic cloud
is smooth on distances comparable to the optical wave
length λ.
In the following, we provide an analytical analysis of
this universal dynamics for the superatom state |W 〉.
It turns out to be convenient to split the Hamiltonian
Hs = HF +HB into two parts, where HF (HB) describes
the virtual exchange of forward (backward) propagating
photons, respectively. The part describing interaction
between the atoms due to forward propagating photons
3is given by
HF =
~γ
2i
∫
dxdy sign(x− y) eik(x−y)S+(x)S−(y) , (7)
and analogously for HB . These Hamiltonians are ex-
actly solvable [34] and the spectrum takes the form Eα =
~γ
2 cot
(
αpi
2N
)
with α an odd integer and −N ≤ α < N .
Furthermore, the eigenstates are
|α, F 〉 = 1√
N
∫
dxeikxS+(x) exp
(
−ipiα
N
F (x)
)
|G〉 (8)
with the operator F (x) =
∫ x
−∞ dz nˆg(z) counting the
number of ground state atoms on the left of position x;
similar for |α,B〉.
For a large atom number N  1, only states with
|α|  N have significant overlap with the superatom
state with |W 〉 = −∑α 2/(piα) |α, F 〉 and the energies
reduce to Eα = N~γ/piα. As a result, the probability to
remain in the bright state given only the forward propa-
gating part of the Hamiltonian is given by [χ(t/τ)]
2
with
τ = pi/Nγ and
χ(s) =
8
pi2
∞∑
n=0
1
(1 + 2n)2
cos
(
s
1 + 2n
)
. (9)
It is this universal function, that P (t) approaches for an
increasing number of atoms (see Fig. 2). In order to un-
derstand this observation, there are two important points
to notice: First, only those states |α, F 〉 with small val-
ues of |α| have a significant overlap with |W 〉. In addi-
tion, these states dominate the fast dynamical behavior
with the characteristic energy scale E1 = ~γN/pi. It
is therefore sufficient to restrict the analysis to low val-
ues of |α|. Second, the states |α,F〉 with low values of
|α| become exact eigenstates of the full Hamiltonian Hs
with energy Eα in the limit of a large particle number
N → ∞ and a smooth atomic density distribution with
σ  λ. Then, the universal dynamics P (t) = [χ(t/τ)]2
is the asymptotic dynamical behavior for large particle
numbers. Note that the precise condition of low values
of α reduces to |α| < σ/λ as shown below.
In order to prove the statement that the states
|α, F/B〉 with low values of α become exact eigen-
states in the limit N → ∞ and λ/σ → 0, we an-
alyze the wave function overlap between eigenstates
of HF with the eigenstates of HB , i.e., hαβ =
〈β,B|HB |α, F 〉 /E0 = 〈β,B|α, F 〉 /β, and the matrix el-
ement δα = 〈α, F |HB |α, F 〉 /E1. These dimensionless
parameters take the form
hαβ =
1
β
∫
dx
N
e2ikx 〈G| nˆg(x)e−i
pi(α+β)
N F (x) |G〉 , (10)
δα =
∫
dxdy
2iN2
sign(x− y) e2ik(x−y) (11)
× 〈G| nˆg(x)nˆg(y)e−ipiαN (F (x)−F (y)) |G〉 .
In the limit N → ∞, we can replace the atomic den-
sity operator by its averaged expectation value n(x) as
the fluctuations in the density vanish with 1/
√
N . Then,
the overlaps in hαβ reduce to the Fourier transforma-
tion of a smoothly varying function. Therefore, the
overlap between states with low numbers of α, β, i.e.,
2|k|  pi|α+β|/σ, vanishes for λ/σ → 0; here, σ denotes
the characteristic size of the atomic cloud in general. For
example, it vanishes exponentially for a Gaussian den-
sity distribution, while for a stepwise atomic distribu-
tion it vanishes as (λ/σ)2. On the other hand, over-
laps with |β| & σ/λ are suppressed by the factor 1/β
in Eq. (10). Similarly, the expression for δα reduces to
δα = c0
λ
σ + c1α
λ2
σ2 + O((λ/σ)3), with dimensionless pa-
rameters c0 and c1 of order unity, which only depend
on the atomic density distribution n(x). The first term
is an irrelevant shift in energy, while the second correc-
tion again vanishes as (λ/σ)2. In conclusion, we have
demonstrated that the eigenstates |α, F 〉 with energy Eα
become exact eigenstates of the full Hamiltonian Hs for
|α| < σ/λ in the limit N →∞ and λ/σ → 0.
Next, we analyze the leading correction due to a finite
number of particles N in the regime λ  σ. The main
influence are deviations from the mean density distribu-
tion n(x) due to the random distribution of the particles
within each experimental realization. These fluctuations
lead to fluctuations of hαβ and δα. We illustrate this
behavior for the overlap wα = 〈α,B|α, F 〉. The impor-
tant quantity is the variance of these fluctuations, i.e.,
∆wα =
√〈|wα|2〉dis − 〈|wα|〉2dis, and its leading contribu-
tion takes the form ∆wα = 1/
√
N . This result is derived
using the general relation
〈nˆg(x)nˆg(y)〉dis = N − 1
N
n(x)n(y) + n(x)δ(x− y) (12)
valid for a thermal gas on distances studied in the present
setup. Furthermore, the full distribution function for
|wα|2 can be derived (See Supplemental Material [34]),
which leads to an exponential distribution with a mean
value 1/N .
The last step to understand the behavior of P (t) is
to derive the leading correction to the energies Eα using
perturbation theory in the small parameter wα,
E±α
Eα
= 1± |wα| with |α,±〉 = 1√
2
(|α,F〉 ± eiφα |α,B〉)
and wα = |wα|eiφα . Therefore, the relevant energies of
the Hamiltonian Hs fluctuate within each experimental
realization with a variance ∆Eα = Eα/
√
N giving rise
to a characteristic dephasing rate τdp = pi/
√
Nγ. This
observation allows us to derive the leading dynamical be-
havior P (t) for the superatom states |W 〉 by performing
the average over many different experimental realizations
using the knowledge on the distribution function of |wα|2,
4P (t) =
 8pi2 ∑
n≥0
2
(2n+ 1)2
cos
(
t/τ
2n+ 1
)[
1− 2f
(
t
2τdp(2n+ 1)
)]
2
− 16
pi4
∑
n≥0
{
2
(2n+ 1)4
([
1− 2f
(
t
2τdp(2n+ 1)
)]2
−
[
1− f
(
t
τdp(2n+ 1)
)])}
(13)
with f(x) = xD(x) and the Dawson function D(x) =
e−x
2 ∫ x
0
dt et
2
with the asymptotic limit f(x → ∞) =
1/2. The first term in Eq. (13) is a modification of the
universal function Eq. (9) which now includes damping
on a time scale τdp. For long times t τdp, the dynamics
saturates at
P (t) −−−−→
tτdp
∞∑
n=0
(
2
pi(2n+ 1)
)4
=
1
6
. (14)
In Fig. (3), we compare the numerically calculated P (t)
for N = 1000 averaged over 105 realizations with a Gaus-
sian density distribution with kσ = 100 and P (t) given
in Eq. (13), and find an excellent agreement.
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Figure 3. Comparison between the numerically and ana-
lytically calculated time evolution of |W 〉 under Hs. Blue
(dashed) curve: Numerically calculated time evolution for
N = 1000 particles averaged over 105 realizations with a
Gaussian distribution and kσ = 100. Orange (solid) curve:
Analytical prediction for λ/σ  1 and large N . (Inset:)
Zoomed image of the dynamics for a better comparison be-
tween the numerically and analytically calculated time evolu-
tion. Note that there is hardly any visible difference.
Finally, we analyze the dissipative dynamics. The col-
lective enhancement of the coupling between the forward
propagating waveguide mode and the |W 〉 state also im-
plies an enhanced spontaneous emission rate ΓF = Nγ
into the forward direction. In turn, the spontaneous
emission into the backward propagating mode, ΓB , de-
pends on the details of the atomic distribution within
each experimental realization. In the case of a smooth
atomic distribution whose characteristic length scale σ is
much larger than the optical wave length λ, the decay
rate averaged over many realizations reduces to ΓB ≈ γ,
and it accounts for the spontaneous emission of a single
atom.
It is important to point out that the characteristic time
scale for the revivals in the coherent dynamics and the
dissipative part are of the same order. On one hand,
we conclude that the coherent part always provides an
intrinsic contribution to the dephasing of a superatom
state. On the other hand, it is important to disentangle
the dissipative dynamics and the coherent part for the
experimental observation of the revivals. This goal can
be achieved by quenching the spontaneous emission by
tailoring the waveguide.
This approach is described in the following for an ex-
perimentally realistic setup. Such a setup exhibits in
addition to the coupling to the waveguide naturally also
a spontaneous emission into free space with rate γ0. As
a first requirement, this decay must be comparable or
smaller than the decay into the waveguide, i.e., γ & γ0,
which can be achieved in current experimental setups
[17, 35]. Then, the coherent dynamics as well as the de-
phasing are collectively enhanced and appear on a time
scale much faster than residual losses, Nγ  √Nγ  γ0.
Second, the initial preparation of the setup into the su-
peratom state |W 〉 is achieved using a pi pulse with a
time scale fast compared to the characteristic dynamics
τ . As the Rabi frequency is also collectively enhanced,
this condition reduces to Ω  γ√N , with the single-
atom Rabi frequency Ω. To bring out the effect of the
coherent dynamics, we propose an experimental setup,
where the atoms are coupled to a one-dimensional pho-
tonic crystal or Bragg grating such that the emission
process is strongly suppressed due to the opening of a
band gap while the virtual photons mediating the ex-
change interaction can still propagate outside the pho-
tonic band gap. In order to satisfy this condition, the
size of the photonic band gap ∆ is required to be in the
range ΓF  ∆  2pic/σ, where σ is the characteristic
size of the system. The lower bound results from the
fact that the emitted photon has a Lorentzian spectrum.
The upper bound derives from the condition that the
virtual photons should be able to propagate with a lin-
ear dispersion, such that the initial form of the exchange
Hamiltonian is unaffected. For typical quantum optics
5experiments, the system size is in the micrometer regime
which relates to a mode spacing of the virtual photons of
a few THz. In addition, the decay into the waveguide is
typically in the range of MHz, providing the enhanced de-
cay rate ΓF = Nγ in the lower GHz regime for N ∼ 104
atoms. This requires the width of the gap to be of the
size of a few ten to hundred GHz. Such gratings have
been produced, for example, in germanosilicate optical
fibers [36] and they have been specifically designed for
quantum optics experiments [37].
In conclusion, we demonstrated that the nonequilib-
rium dynamics of a quantum many-body system, con-
sisting of atoms coupled to a one-dimensional waveguide,
can exhibit a highly nontrivial universal dynamics char-
acterized by revivals and eventually a saturation on 1/6.
This observation is independent on the averaged atomic
distribution n(x), and it becomes more pronounced for
increasing particle numbers. In the present analysis, we
chose a fixed number of atoms within each experimen-
tal realization. However, it is straightforward to derive
that for a Poisson distributed number of atoms, the only
modification in the dynamics is the enhancement of the
dephasing rate by a factor
√
2, while the revivals and
the saturation remain unaffected. We expect that simi-
lar phenomena can also appear in free space for two-level
systems strongly coupled to a single highly focused light
mode.
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DERIVATION OF MASTER EQUATION
Here, we give a derivation of the full master equation (5) in the main text. The derivation closely follows the
methods and approximations used in [S1, S2] with minor modifications for our setup and is repeated here for the sake
of completeness. We start with the Hamiltonian of the full system in the dipole and rotating-wave approximation
given by
H =
∫
dq
2pi
~ωqa†qaq + ~ω0
∫
dxψ†e(x)ψe(x)− ~
√
γ
∫
dx
[E†(x)S−(x) + S+(x)E(x)] . (S1)
The bosonic operators a†q account for the creation of a wave guide mode with momentum q and ωq is the dispersion
relation, which we will assume to be linear, ωq = c|q|. The second term simply gives the total energy of the atomic
system. Finally, the last term describes the interaction, with an effective mode coupling γ, between the atoms and
the photonic modes where S+(x) = ψ†e(x)ψg(x) and the electric field operator is given by
E†(x) = −i√c
∫
dq
2pi
a†qe
−iqx . (S2)
In a first step, we go over to the interaction picture with the interaction Hamiltonian
HI = i~
√
γc
∫
dx
∫
dk
2pi
(
a†kS
−(x)e−ikxei(ωk−ω0)t − S+(x)akeikxe−i(ωk−ω0)t
)
. (S3)
The equation of motion for the annihilation operator of some mode q is given by
a˙q(t) = − i~ [aq(t), HI ] =
√
γc
∫
dxS−(x, t)e−iqxei(ωq−ω0)t . (S4)
and has the solution
aq(t) = aq(0) +
√
γc
∫
dx
∫ t
0
ds S−(x, s)ei(ωq−ω0)se−iqx . (S5)
Accordingly, the equation of motion of some operator O which acts only on the atomic degrees of freedom reads
O˙(t) =
√
γc
∫
dq
2pi
∫
dx
(
a†q(t)e
i(ωq−ω0)te−iqx[O(t), S−(x, t)]− e−i(ωq−ω0)teiqx[O(t), S+(x, t)]aq(t)
)
. (S6)
Plugging in eq. (S5), we arrive at
O˙(t) =
√
γc
∫
dx
∫
dq
2pi
(
a†q(0)[O(t), S
−(x, t)]ei(ωq−ω0)te−iqx − [O,S+(x, t)]aq(0)e−i(ωq−ω0)teiqx
)
+ γc
∫
dx
∫
dy
∫
dq
2pi
∫ t
0
ds
(
S+(y, s)[O(t), S−(x, t)]ei(ωq−ω0)(t−s)−iq(x−y)
−[O(t), S+(x, t)]S−(y, s)e−i(ωq−ω0)(t−s)+iq(x−y)
)
. (S7)
Before we further manipulate these terms, we use the assumption that the dispersion relation is linear and replace
c
∫
dq =
∑
λ=±
∫ ω0+θ
ω0−θ dω, where λ denotes the direction of propagation of the mode with frequency ω and the
integration is restricted to a narrow frequency band with cutoff θ  ω0 around the resonance frequency ω0. This
2restriction is required by the use of the rotating-wave approximation. The Markov approximation then consists of
taking the limit θ → ∞ assuming that the correlation times of the photonic operators are much smaller than the
typical time scale on which atomic operators change. In our setup, this approximation is valid for γ  θ  ω0. It is
then possible to simplify the last two lines of eq. (S7) using∫ t
0
ds
∫
dω
2pi
ei(ω−ω0)(t−s−λ(x−y)/c)e−iλω0(x−y)/cS+(y, s) =
∫ t
0
ds
∫ θ
−θ
dν
2pi
eiν(t−s−λ(x−y)/c)e−iλω0(x0y)/cS+(y, s)
=
∫ t
0
ds δ(t− s− λ(x− y)/c)e−iλω0(x−y)/cS+(y, s)
=
{
θ(λ(x− y))e−iλω0(x−y)/cS+(y, t− λ(x− y)/c) , x 6= y
1
2S
+(y, t) , x = y
(S8)
for ct > |x− y| and with the Heaviside function θ(x) = 1 for x > 0 and θ(x) = 0 for x ≤ 0. Further, we neglect any
retardation effects, thereby replacing S+(y, t − λ(x − y)/c) ≈ S+(y, t) which is valid for |x − y|max  c/γ. We can
then rewrite eq. (S7) as
O˙(t) =
√
γc
∫
dx
∫
dq
2pi
(
a†q(0)[O(t), S
−(x, t)]ei(ωq−ω0)te−iqx − [O,S+(x, t)]aq(0)e−i(ωq−ω0)teiqx
)
+
γ
2
∫
dx
(
S+(x, t)[O(t), S−(x, t)]− [O(t), S+(x, t)]S−(x, t))
+ γ
∫
dx
∫
dy
∑
λ=±
θ(λ(x− y))
(
S+(y, t)[O(t), S−(x, t)]e−iλω0(x−y)/c − [O(t), S+(x, t)]S−(y, t)eiλω0(x−y)/c
)
(S9)
In the next step, we aim at deriving a master equation for the time evolution of the density matrix ρ of the atomic
system alone. In order to do so, we note that the expectation value of the operator O is given by 〈O(t)〉 = Tr(R(0)O(t))
where R(0) is the initial density matrix of the whole system and the trace includes both the atomic and photonic
degrees of freedom. Initially, we assume the system to be in the state R(0) = |0〉 〈0| ⊗ ρ(0), where |0〉 denotes
the photonic vacuum and ρ(0) is the initial density matrix of the atomic subsystem. Further, we can also write
〈O(t)〉 = Tr(R(t)O) = TrS(ρ(t)O) where the trace in the second expression only runs over the atomic degrees of
freedom. Then, it is possible to derive a master equation describing the time evolution of the atomic density matrix
ρ which reads
ρ˙(t) = γ
∫
dx
(
S−(x)ρ(t)S+(x)− 1
2
{S+(x)S−(x), ρ(t)}
)
+ γ
∫
dx
∫
dy
∑
λ=±
θ(λ(x− y))
(
e−iλω0(x−y)/c(S−(x)ρ(t)S+(y)− ρ(t)S+(y)S−(x))
+eiλω0(x−y)/c(S−(y)ρ(t)S+(x)− S+(x)S−(y)ρ(t))
)
(S10)
This can now be rewritten as
ρ˙(t) = −iγ
∫
dx
∫
dy sin(ω0|x− y|/c)
[
S+(x)S−(y), ρ(t)
]
+ 2γ
∫
dx
∫
dy cos(ω0(x− y)/c)
(
S−(x)ρ(t)S+(y)− 1
2
{
S+(x)S−(y), ρ(t)
})
(S11)
Defining the wave vector k = ω0/c and the Hamiltonian Hs = ~γ
∫
dx
∫
dy sin(k|x− y|)S+(x)S−(y), we arrive at eq.
(5) in the main text.
SPECTRUM AND EIGENSTATES
In this section, we show that the eigenenergies of HF =
~γ
2i
∫
dx dy sign(x− y)eik(x−y)S+(x)S−(y) are given by
Eα =
~γ
2
cot
( piα
2N
)
(S12)
3with an odd integer −N ≤ α < N . The eigenstates are given by
|α,F〉 = 1√
N
∫
dx eikxS+(x) exp
(
−ipiα
N
F (x)
)
|G〉 (S13)
with F (x) =
∫ x
−∞ dz nˆg(z).
In order to do so, we apply the state (S13) onto the Hamiltonian H+ and recall the definition of the state |G〉 =
1/
√
N !
∏
i ψ
†
g(xi) |0〉 and the operators S+(x) = ψ†e(x)ψg(x) and S−(x) = ψ†g(x)ψe(x). We then make an ansatz for
the eigenstate of the form
|α,F〉 = 1√
N
N∑
n=1
eikxnS+(xn)e
−ipiαnN |G〉 , (S14)
and rewrite the Hamiltonian as
HF =
~γ
2i
N∑
n=1
N∑
l=1
sign(xn − xl)eik(xn−xl)S+(xn)S−(xl) . (S15)
Note that in the following, we always assume the positions of the atoms to be ordered, that is x1 ≤ x2 ≤ . . . ≤ xN .
Using that S−(xn)S+(xl) |G〉 = δnl |G〉, we get
HF |α,F〉 = ~γ
2i
√
N
N∑
n,l,m=1
eikxme−i
piαm
N sign(xn − xl)eik(xn−xl)S+(xn)S−(xl)S+(xm) |G〉
=
~γ
2i
√
N
N∑
n,l=1
eikxne−i
piαl
N sign(xn − xl)S+(xn) |G〉
=
~γ
2i
√
N
N∑
n=1
eikxn
(
n−1∑
l=1
e−i
piαl
N −
N∑
l=n+1
e−i
piαl
N
)
S+(xn) |G〉
=
~γ
2i
√
N
N∑
n=1
eikxnS+(xn) |G〉 e
−ipiαnN (1 + e−i
piα
N )− e−ipiαN (1 + e−ipiα)
e−i
piα
N − 1 . (S16)
From the last line, it is clear that if α is an odd integer, the second term in the numerator vanishes and |α,F〉 is
indeed an eigenstate of HF. The corresponding eigenvalue is then
Eα =
~γ
2i
e−i
piα
N + 1
e−i
piα
N − 1 =
~γ
2
cot
( piα
2N
)
. (S17)
From (S17) it is also clear that α is limited to −N ≤ α < N due to the periodicity of the eigenvalues.
For the left-moving Hamiltonian HB = − 12i
∑
n,l sign(xn − xl)e−ik(xn−xl)S+(xn)S−(xl), we make the ansatz
|α,B〉 = 1√
N
N∑
n=1
e−ikxnS+(xn)ei
piαn
N |G〉 . (S18)
The proof that this state is an eigenstate of HB follows along the same lines as above and the eigenvalue is also given
by Eα = ~γ/2 cot(piα/2N).
UNIVERSAL DYNAMICS
In order to derive the universal dynamics given by (9) in the main text, we consider the Hamiltonian HF with its
eigenstates |α,F〉 and -energies Eα only. The overlap with |W 〉 is given by
〈W |α,F〉 = 1
N
N∑
j=1
e−iαj/N = − 2
N
e−iα
eiα/N − 1 ≈ −
2
piα
. (S19)
4The time evolution P (t) in the limit N →∞ can then be calculated as
P (t) =
∣∣∣∣∣∑
α
e−iEα | 〈W |α,F〉 |2
∣∣∣∣∣
2
≈
∣∣∣∣∣∑
α
e−i
γNt
piα
(
2
piα
)2
| 〈W |α,F〉
∣∣∣∣∣
2
=
∣∣∣∣∣∣
∞∑
j=0
(
2
pi(2j + 1)
)2
cos
(
γNt
pi(2j + 1)
)∣∣∣∣∣∣
2
(S20)
PERTURBATION THEORY
As mentioned in the text, we define two dimensionless variables
hαβ =
〈β,B|α,F〉
β
=
1
Nη
∫
dxe2ikx 〈G| nˆg(x)e−i
pi(α+β)
N F (x) |G〉 (S21)
δα =
〈α,F|HB |α,F〉
E1
= − 1
2iN2
∫
dxdy e2ik(x−y)sign(x− y) 〈G| nˆg(x)nˆg(y)e−i 2piαN (F (x)−F (y)) |G〉 . (S22)
Since the positions of the atoms are randomly distributed in each experimental realization, the ground state density
distribution nˆg(x) and consequently the variables hαβ and δα will fluctuate. In the following, we will calculate the
leading order behavior of the mean values and the fluctuations of these variables in the limits kσ →∞ and N →∞.
To this end, we split the density distribution as nˆg(x) = n(x) + δnˆg(x) where n(x) = 〈nˆg(x)〉dis is the mean density
distribution and thus 〈δnˆg(x)〉dis = 0. Further, we will make use of
〈nˆg(x)nˆg(y)〉dis = g(2)(x, y)n(x)n(y) + δ(x− y)n(x) (S23)
with the two-body correlation function g(2)(x, y). Since the atoms are uncorrelated on distances comparable to the
optical wave length, we have g(2) = 1− 1/N for a fixed atom number N . Similarly, we get
〈δnˆg(x)δnˆg(y)〉dis = (g(2)(x, y)− 1)n(x)n(y) + δ(x− y)n(x) = −n(x)n(y)
N
+ δ(x− y)n(x) . (S24)
Mean values
We start with calculating the mean value of hαβ . Therefore, we note that we can write
hαβ =
1
Nβ
∫
dx e2ikx
〈
nˆg(x)e
−ipi(α+β)N
∫ x
−∞ dz nˆg(z)
〉
dis
=
1
Nβ
∫
dx e2ikx
(
iN
pi(α+ β)
)
∂x
〈
e−i
pi(α+β)
N
∫ x
−∞ dz nˆg(z)
〉
dis
(S25)
where we assume that nˆg(−∞) = 0. Using nˆg(x) = n(x) + δnˆg(x), we can rewrite〈
e−i
pi(α+β)
N
∫ x
−∞ dz nˆg(z)
〉
dis
= e−i
pi(α+β)
N N(x)
∞∑
m=0
(ipi(α+ β))m
Nmm!
∫
dz1 · · · dzmθ(x−z1) · · · θ(x−zm)〈δnˆg(z1) · · · δnˆg(zm)〉dis ,
(S26)
where we defined N(x) =
∫ x
−∞ dz n(z) and θ(x) is the Heaviside function. The correlator can now be evaluated using
Isserlis’ theorem (in quantum field theory also known as Wick’s theorem) which states that each m-point correlator of
a variable with zero mean can be written as a sum over a product of all possible combinations of two-point correlators
for even m. Since the total number of terms in the sum is given by (m−1)!! = (2n−1)!! = (2n)!/(2nn!), we can write
∞∑
m=0
(ipi(α+ β))2n
N2n2nn!
(∫
dz1dz2 θ(x− z1)θ(x− z2)〈δnˆg(z1)δnˆg(z2)〉
)n
= e
− 12 (pi(α+β)N )
2
(
N(x)−N(x)2N
)
(S27)
5Such that finally we have
hαβ =
1
Nβ
∫
dx e2ikx
(
iN
pi(α+ β)
)
∂xe
−ipi(α+β)N N(x)− 12 (pi(α+β)N )
2
(
N(x)−N(x)2N
)
. (S28)
Performing the derivative, we finally get
hαβ =
1
Nβ
∫
dx e2ikxn(x)
[
1− ipi(α+ β)
2N
(
1− 2N(x)
N
)]
e
−ipi(α+β)N N(x)− 12 (pi(α+β)N )
2
(
N(x)−N(x)2N
)
. (S29)
This expression is now simply the Fourier transform of an (in principle very complicated) function. If however n(x)
and N(x) are smooth functions and 2kσ  pi|α+ β|, the mean value hαβ is strongly suppressed. As an example, we
consider a Gaussian distribution of the particles with n(x) = N/
√
2piσ2e−x
2/2σ2 and N(x) = N/2(1 + erf(x/
√
2σ)),
where erf(x) is the error function. Focusing on the limit N →∞, where we can safely neglect terms of order 1/N , we
get
hαβ =
1
β
∫
dx e2ikx
e−x
2/2σ2
√
2piσ2
e−i
pi(α+β)
2 (1+erf(x/
√
2σ)) , (S30)
which vanishes exponentially in the limit 2kσ  pi|α+ β|. On the other hand, for |β| > σ/λ, this value is suppressed
by the factor 1/β.
For the mean value of δα, we write
δα = − 1
2iN2
∫
dxdy e2ik(x−y)sign(x− y) N
2
(2piα)2
∂x∂y
〈
e−i
2piα
N
∫
dznˆg(z)(θ(x−z)−θ(y−z))
〉
dis
= − 1
2iN2
∫
dxdy e2ik(x−y)sign(x− y) N
2
(2piα)2
×
× ∂x∂ye−i 2piαN (N(x)−N(y))e− 12 ( 2piαN )
2 ∫
dz1dz2(θ(x−z1)−θ(y−z1))(θ(x−z2)−θ(y−z2))〈δnˆg(z1)δnˆg(z2)〉
= − 1
2iN2
∫
dxdy e2ik(x−y)sign(x− y) N
2
(2piα)2
∂x∂ye
−i 2piαN (N(x)−N(y))e−
1
2 (
2piα
N )
2
(
∫
dz(θ(x−z)−θ(y−z))2n(z)− 1N (N(x)−N(y))2) .
(S31)
Since we are again only interested in the limit where N →∞, the expression reduces to
δα ≈ − 1
2i
∫
dxdy e2ik(x−y)sign(x− y)n(x)n(y)
N2
e−i
2piα
N (N(x)−N(y)
= −
∫ ∞
−∞
dx
∫ x
−∞
dy sin(2k(x− y)− 2piα(N(x)−N(y))/N)n(x)n(y)
N2
, (S32)
where we assumed that n(−x) = n(x) and consequently N(−x) = N −N(x). Given a characteristic length σ of the
atomic distribution and the condition that kσ  pi|α|, we may neglect the second term in phase of the sine and write
δα ≈ −
∫ ∞
−∞
dx
∫ x
−∞
dy sin(2k(x− y)))n(x)n(y)
N2
. (S33)
In the following, we will estimate the value of this integral and derive the behavior in leading order for kσ  1. Since
we are only interested in realistic density distributions, we may estimate the integral by an exponential distribution
f(x) ∼ e−x2/2σ2 which we make broad and large enough such that f(x) > n(x) for all x. Note that the width of the
exponential distribution is assumed to be some multiple of the width of the original distribution. Then, the integral
can be calculated analytically as∫ ∞
−∞
dx
∫ x
−∞
dy sin(2k(x− y)))n(x)n(y)
N2
<
∫ ∞
−∞
dx
∫ x
−∞
dy sin(2k(x− y)))e
−(x2+y2)/2σ2
2piσ2
=
∫ ∞
−∞
dx
∫ ∞
−∞
dy θ(x− y) sin(2k(x− y))e
−(x2+y2)/2σ2
2piσ2
=
∫
dR
e−R
2/2
√
2pi
∫
dr θ(r) sin(
√
2kσr)
e−r
2/2
√
2pi
=
√
2D(kσ) ∼ 1√
2 kσ
, (S34)
6where D(x) = e−x
2 ∫ x
0
dt et
2
is the Dawson function with the asymptotic expansion
D(x) =
∞∑
n=0
(2n− 1)!!
2n+1x2n+1
=
1
2x
+O(x−3) . (S35)
Thus, the leading order behavior of δα in the limit N →∞ and kσ  pi|α| is bounded by
δα ∼ − 1√
2 kσ
. (S36)
and consequently vanishes in the limit kσ  pi|α|.
Fluctuations
Distribution of |w|2
Here, we prove that in the limit kσ  pi|α|, X = |w|2 = |wα|2 follows an exponential distribution p(X) = λe−λX
with mean X¯ = 1/λ. The exponential distribution can be characterized by its moments X¯n = n!/λn. The n-th
moment of |w|2 is given by
|w|2n = 1
N2n
∫
dx1 · · · dx2n e−2ik(x1−x2) · · · e−2ik(x2n−1−x2n)
〈
nˆg(x1) · · · nˆg(x2n)e−ipiαN (F (x1)−F (x2)+···+F (x2n−1)−F (x2n))
〉
dis
=
1
N2n
∫
dx1 · · · dx2n e−2ik(x1−x2) · · · e−2ik(x2n−1−x2n)
∞∑
m=0
(−ipiα)m
Nmm!
∫
dz1 · · · dzmh(x, z1) · · ·h(x, zm)×
× 〈nˆg(x1) · · · nˆg(x2n)nˆg(z1) · · · nˆg(zm)〉dis , (S37)
where we defined h(x, z) = θ(x1 − z)− θ(x2 − z) + · · ·+ θ(x2n−1 − z)− θ(x2n − z). In the next step, we express the
density operator using nˆg(x) = n(x)+δnˆg(x) in order to apply Isserlis’ theorem. Further, we point out that whenever
we pair operators with variables x and z, some phase factor eikx remains and this term is strongly suppressed in the
limit kσ  piα. Thus, the only contribution with no phase factors comes from the terms where only x variables are
paired, that is
|w|2n = 1
N2n
∫
dx1 · · · dx2n e−2ik(x1−x2) · · · e−2ik(x2n−1−x2n)e−ipiαN (N(x−1)−N(x2)+···N(x2n−1)−N(x2n) 〈δnˆg(x1) · · · δnˆg(x2n)〉dis .
(S38)
In this expression, only those terms where odd indices are paired with even ones do not have a phase factor. For 2n
indices, there are in total n! possibilities for this kind of pairing and we are left with
|w|2n = n!
N2n
∫
dx1 · · · dx2nn(x1) · · ·n(x2n) = n!
N2n
(∫
dxn(x)
)n
=
n!
Nn
, (S39)
which shows that indeed |w|2 follows an exponential distribution with mean |w|2 = 1/N . Consequently, the variance
of the complex variable wα is given by
(∆wα)
2 = 〈|wα|2〉dis − 〈|wα|〉2dis =
1
N
. (S40)
Fluctuations in δα
In a next step, we calculate the fluctuations in the variable δα. Since this variable is real, the variance is given by
(∆δα)
2 = 〈δ2α〉dis − 〈δα〉2dis , (S41)
where
〈δ2α〉dis = −
1
4N4
∫
dxdydx′dy′ sign(x− y)sign(x′ − y′)e2ik(x−y)e2ik(x′−y′)×
×
〈
nˆg(x)nˆg(y)nˆg(x
′)nˆg(y′)e−i
piα
N (F (x)−F (y)+F (x′)−F (y′))
〉
dis
. (S42)
7Similar to previous case where we studied the fluctuations of w, the only non-vanishing contribution after applying
Isserlis’ theorem in the limit kσ  pi|α| comes from the term with the pairing
〈δnˆg(x)δnˆg(y′)〉dis〈δnˆg(y)δnˆg(x′)〉dis =
(
δ(x− y)n(x)− 1
N
n(x)n(y′)
)(
δ(y − x′)n(y)− 1
N
n(y)n(x′)
)
. (S43)
From these four terms, only the term δ(x− y′)δ(y − x′)n(x)n(y) survives in the limit of interest and we are left with
〈δ2α〉dis = −
1
4N4
∫
dxdy sign(x− y)sign(y − x)n(x)n(y) = 1
4N4
(∫
dxn(x)
)2
=
1
4N2
. (S44)
Thus, the fluctuations of δα are given by
(∆δα)
2 ∼ 1
N2
(S45)
and hence vanish faster than those of wα.
Spectrum in perturbation theory
As shown above, the states |α,F〉 and |α,B〉 have vanishing overlap in the limit kσ  pi|α| on average while the
fluctuations of this quantity behave as 1/N in the limit N → ∞. Further, we know that the matrix element δα also
vanishes on average while having fluctuations on the order of 1/N2. In the derivation of the universal dynamics in
Sec. , we have shown that the dominant contribution comes from those states with small values of α where the overlap
to the state |W 〉 is large. Hence, we restrict our analysis to those values of α and aim at calculating the eigenenergies
and -states of the full Hamiltonian in perturbation theory in order to derive some analytic formula for P (t) in the
presence of disorder.
For the perturbation theory, we assume that the unperturbed basis is given by {|α,FB〉} and the perturbation
is given by both HF and HB. This can be justified by noting that, for example, the matrix element δα vanishes
on average and has only small fluctuations for small |α| and large N . The same applies for the matrix element
〈α,B|HF |α,B〉 and all off-diagonal elements. Since we are only interested in leading order effects in N , we apply
degenerate perturbation theory in the subspace {|α,F〉 , |α,B〉} for fixed α. Note, however, that these states are not
orthogonal in general but only on average with fluctuations on the order of 1/N such that we have to orthogonalize
this subspace artificially using
|ψ1〉 = |α,F〉 (S46)
|ψ2〉 = 1√
1− |wα|2
(|α,B〉 − w∗α |α,F〉) . (S47)
In order to simplify the calculations, we neglect δα since its fluctuations are much smaller than those of wα. The
corresponding Hamiltonian in the subspace spanned by |ψ1〉 and |ψ2〉 then reads
H = Eα
 1 w∗α√1−|wα|2
wα√
1−|wα|2
1−3|wα|2
1−|wα|2
 . (S48)
Its eigenvalues are given by
E± =
Eα
1− |wα|2
(
1− 2|wα|2 ± |wα|
) ≈ Eα(1± |wα|) (S49)
to leading order in wα. The corresponding eigenstates are to leading order in wα given by
|α,+〉 = 1√
2
(
|ψ1〉+ w
∗
α
|wα| |ψ2〉
)
≈ 1√
2
(
|α,F〉
(
1− w
∗
α
2
|wα|
)
+
w∗α
|wα| |α,B〉
)
, (S50)
|α,−〉 = 1√
2
(
|ψ1〉 − w
∗
α
|wα| |ψ2〉
)
≈ 1√
2
(
|α,F〉
(
1 +
w∗α
2
|wα|
)
− w
∗
α
|wα| |α,B〉
)
. (S51)
8In conclusion, the degenerate eigenenergies Eα split to first order in wα with the splitting
∆Eα
Eα
= 2|wα| ∼ dα√
N
(S52)
where dα is of order unity and depends on each single realization of the experiment. These fluctuating energies then
set some time scale for the dephasing
τdp ∼ ~
∆Eα
∼ 1√
Nγ
. (S53)
In terms of the time scale τ−1 ∼ Nγ given by the universal dynamics, we have
τdp ∼
√
Nτ (S54)
such that, relative to τ , τdp even grows with the particle number and makes the universal dynamics persisting for
longer times.
ANALYTIC EXPRESSION OF P (t) IN THE LARGE N LIMIT
Using the results calculated above, we are no able to derive analytically an approximate expression for P (t) in the
limit of large N and kσ  1. We start by writing
P (t) =
∣∣∣〈W | e− i~Ht |W 〉∣∣∣2
≈
∣∣∣∣∣∑
α
e−i
Eα
~ t(1+|wα|) |〈W |α,+〉|2 + e−iEα~ t(1−|wα|) |〈W |α,−〉|2
∣∣∣∣∣
2
=
∣∣∣∣∣∑
α
e−i
Eα
~ t
(
e−i
Eα|wα|
~ t |〈W |α,+〉|2 + eiEα|wα|~ t |〈W |α,−〉|2
)∣∣∣∣∣
2
=
∑
α6=β
e−i
Eα
~ tei
Eβ
~ t
(
e−i
Eα|wα|
~ t| 〈W |α,+〉 |2 + eiEα|wα|~ t| 〈W |α,−〉 |2
)(
e−i
Eβ |wβ |
~ t| 〈W |β,+〉 |2 + ei
Eβ |wβ |
~ t| 〈W |β,−〉 |2
)
+
∑
α
∣∣∣e−iEα|wα|~ t| 〈W |α,+〉 |2 + eiEα|wα|~ t| 〈W |α,−〉 |2∣∣∣2 . (S55)
The overlap of the eigenstates |α,±〉 with |W 〉 is given by
| 〈W |α,±〉 |2 = 1
2
[(
2
piα
)2
+ | 〈W |ψ2〉 |2 ∓ 2
piα
(
e−iφα 〈W |ψ2〉+ eiφα 〈ψ2|W 〉
)]
, (S56)
where we set wα = |wα|eiφα . Further, we have
〈W |ψ2〉 = 〈W |α,B〉+ |wα|e−iφα 2
piα
(S57)
and
| 〈W |ψ2〉 |2 = | 〈W |α,B〉 |2 + |wα|2
(
2
piα
)2
+
2
piα
2|wα| cos(φα) . (S58)
The overlap of the state |W 〉 and the state |α,B〉 is given by
〈W |α,B〉 = 1
N
∫
dx e−2ikx 〈G| nˆg(x)eipiαN F (x) |G〉 (S59)
and has the same distribution as w∗α in the limits we are interested in. Thus, to leading order in wα, we can write
| 〈W |α,±〉 |2 = 1
2
[(
2
piα
)2
+
2
piα
|wα|2 cos(φα)∓ 2
piα
|wα|
(
1 +
2
piα
)
2 cos(2φα)
]
. (S60)
9Let us now focus on the second term in eq. (S55), where the sum runs only over α. We can write∑
α
∣∣∣e−iEα|wα|~ t| 〈W |α,+〉 |2 + eiEα|wα|~ t| 〈W |α,−〉 |2∣∣∣2 = ∑
α
| 〈W |α,+〉 |4 + | 〈W |α,−〉 |4
+ 2| 〈W |α,+〉 |2| 〈W |α,−〉 |2 cos
(
2Eα|wα|
~
t
)
. (S61)
Next, we insert the result obtained in eq. (S60) and neglect all terms of order w2α. For the linear terms, we want to point
out that they are all accompanied by a factor cos(φα) or cos(2φα). We verified numerically, that the complex random
variable wα follows a Gaussian distribution which is spherically symmetric such that |wα and φα are independent
random variables. The random phase φα is uniformly distributed in the interval [−pi, pi] and hence the cosine terms
vanish after averaging over different realizations. Thus, we are left with∑
α
| 〈W |α,+〉 |4 + | 〈W |α,−〉 |4 + 2| 〈W |α,+〉 |2| 〈W |α,−〉 |2 cos
(
2Eα|wα|
~
t
)
=
16
4pi4
∑
α
2
α4
(
1 + cos
(
2Eα|wα|
~
t
))
.
(S62)
In addition, the averaging over |wα| can be carried out by noting that |wα|2 follows an exponential distribution with
mean 1/N such that
16
4pi4
∑
α
2
α4
(
1 + cos
(
2Eα|wα|
~
t
))
=
16
2pi4
∑
α
1
α4
∫ ∞
0
d|wα|2Ne−N |wα|2
(
1 + cos
(
2Eα
√|wα|2
~
t
))
=
16
pi4
∑
α
1
α4
1− EαtD
(
Eαt
~
√
N
)
~
√
N
 , (S63)
with the Dawson function D(x) as defined below eq. (S34).
In a similar way, we can treat the first term in eq. (S55) which leads to∑
α6=β
e−i
Eα
~ tei
Eβ
~ t
(
e−i
Eα|wα|
~ t| 〈W |α,+〉 |2 + eiEα|wα|~ t| 〈W |α,−〉 |2
)(
e−i
Eβ |wβ |
~ t| 〈W |β,+〉 |2 + eiEβ |wβ |~ t| 〈W |β,−〉 |2
)
=
16
pi4
∑
α 6=β
e−i
Eα
~ tei
Eβ
~ t
1
α2
1
β2
1− EαtD
(
Eαt
2~
√
N
)
~
√
N
1− EβtD
(
Eβt
2~
√
N
)
~
√
N
 . (S64)
Since E−α = −Eα, we can restrict the sum over positive α and then replace α = 2n+1 where n = 0, 1, 2, . . . Note that
now we let the sum run over infinitely many integers even though we only have a finite number of states for finite N .
The contributions from large n, however, give only small contributions such that we can safely neglect them. Further,
we introduce τ = pi/Nγ such that finally the disorder-averaged dynamics of the state |W 〉 is given by
P (t) =
16
pi4
∑
n 6=m≥0
2
(2n+ 1)2
2
(2m+ 1)2
cos
(
t/τ
2n+ 1
)
cos
(
t/τ
2m+ 1
)1− t/τdpD
(
t/2τdp
2n+1
)
2n+ 1
1− t/τdpD
(
t/2τdp
2m+1
)
2m+ 1

− 16
pi4
∑
n
2
(2n+ 1)4

1− t/τdpD
(
t/2τdp
2n+1
)
2n+ 1
2 −
1− t/τdpD
(
t/τdp
2n+1
)
2n+ 1

 . (S65)
In this expression, the first term is reminiscent of the universal dynamics showing oscillatory behavior which then is
damped out on a time scale τdp =
√
Nτ , while for times t τdp, the last term reduces to
16
pi4
∑
n
2
(2n+ 1)4
1− t/τdpD
(
t/τdp
2n+1
)
2n+ 1
→ 16
pi4
∞∑
n=0
1
(2n+ 1)4
=
1
6
(S66)
which gives the universal saturation value different from zero. In Figure S1, we compare the dynamics calculated by
numerically diagonalizing the Hamiltonian H = HF +HB for N = 1000 particles with a Gaussian density distribution
satisfying kσ = 100 averaged over 105 realizations (blue curve) with the expression (S65) obtained using perturbation
theory (orange line) and find excellent agreement.
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Figure S1. Comparison between the numerically and analytically calculated time evolution of |W 〉 under Hs. Blue curve:
Numerically calculated time evolution for N = 1000 particles averaged over 105 realizations with a Gaussian distribution and
kσ = 100. Orange curve: Analytically calculated curve using degenerate perturbation theory. (Inset:) Zoomed image of the
dynamics for better comparison between numerically and analytically calculated time evolution.
DISSIPATIVE DYNAMICS
The spontaneous emission rate into the backward propagating mode, ΓB, depends on each experimental realization
and is given by
ΓB =
γ
N
∫
dxdy e2ik(x−y) 〈G| nˆg(x)nˆg(y) |G〉 . (S67)
Its average value can be obtained using eq. (S23) and as a result, we get
Γ¯B = γ(N − 1) |n2k|
2
N2
+ γ , (S68)
where nk is the Fourier transform of the density distribution n(x). For a smooth density distribution with variations
large compared to the optical wavelength λ, this contribution is strongl suppressed. For example focusing on a
Gaussian distribution with width σ, n(x) = Ne−x
2/2σ2/
√
2piσ2, we get n2k/N = e
−8pi2σ2λ2 which is exponentially
suppressed for λ < σ. Thus, the back scattering is not enhanced and is dominated by the incoherent contribution γ.
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